Abstract. We introduce two notions of amenability for a Banach algebra A . Let I be a closed two-sided ideal in A , we say A is I-weakly amenable if the first cohomology group of A with coefficients in the dual space I * is zero; i.e., H 1 (A , I * ) = {0}, and, A is ideally amenable if A is I-weakly amenable for every closed two-sided ideal I in A . We relate these concepts to weak amenability of Banach algebras. We also show that ideal amenability is different from amenability and weak amenability. We study the I-weak amenability of a Banach algebra A for some special closed two-sided ideal I.
Introduction
Let A be a Banach algebra and X be a Banach A -bimodule, that is X is a Banach space and an A -bimodule such that the module operations (a, x) −→ ax and (a, x) −→ xa from A × X into X are jointly continuous. Then X * is also a Banach A -bimodule if we define x, ax * = xa, x * ;
x, x * a = ax, x * (a ∈ A , x ∈ X, x * ∈ X * ).
We say that Y is a dual A -bimodule if there is a Banach A -bimodule X such that Y is isometrically module isomorphic with X * . Thus in particular I is a Banach A -bimodule and I * is a dual A -bimodule for every closed two-sided ideal I in A .
If X is a Banach A -bimodule, then a derivation from A into X is a continuous linear operator D with
If x ∈ X and we define δ x by δ x (a) = a · x − x · a, (a ∈ A ) then δ x is a derivation, and such derivations are called inner. The space of characters on an algebra A is denoted by Φ A . Let ϕ ∈ Φ A ∪ {0}. Then C is a symmetric A -bimodule for the products a · z = z · a = ϕ(a)z, (a ∈ A , z ∈ C). In this case the bimodule is denoted by C ϕ . A derivation from A into C ϕ is a linear functional d on A such that
Such a linear functional is called a point derivation at ϕ. Let A be a Banach algebra. Then A is amenable if, whenever D is a derivation from A to a dual A -bimodule, then D is inner; this definition was introduced by Johnson [Jo1] . A is weakly amenable if, whenever D is a derivation from A to A * , then D is inner. Bade, Curtis and Dales [B-C-D] have introduced the concept of weak amenability for commutative Banach algebras.
For example, it was shown in [Jo1] that the group algebra L 1 (G) is amenable if and only if G is an amenable group and in ) that L 1 (G) is weakly amenable for each locally compact group G.
The following definition describes the main new property that we shall study. DEFINITION 1.1.
Let A be a Banach algebra and I be a closed two-sided ideal in A . Then A is I-weakly amenable if H 1 (A , I * ) = {0}; A is ideally amenable if A is I-weakly amenable for every closed two-sided ideal I in A . We begin with the following trivial observations:
(i) An amenable Banach algebra is ideally amenable.
(ii) An ideally amenable Banach algebra is weakly amenable.
Let A # be the unitization of the commutative Banach algebra A . Then for each closed two-sided ideal I of A consider the following short exact sequence.
where π is given by π(a ⊗ i) = ai for all a ∈ A # , i ∈ I, ı is the embedding map and K = ker π. It is well-known that B(A # , I * ) is isometrically isomorphic to (A #⊗ I) * , so we get the following short exact sequence of linear maps: Gr1] , Proposition 3.1) there is no non-zero bounded derivation into I * if and only if
Let A be a Banach algebra, and let I be a closed two-sided ideal in A . We consider the following complex
where the maps d 1 and d 2 are specified by the formulae: By Theorem 1.3 we conclude that a commutative Banach algebra A is weakly amenable if and only if it is ideally amenable. As in ([B-C-D], Theorem 3.14), let K be an infinite, compact metric space and let α ∈ (0, 1/2) then lip α K is weakly amenable but it is not amenable, therefore this is an example of ideally amenable Banach algebra, that is not amenable.
We now consider an example of non-commutative Banach algebra that is ideally amenable but it is not amenable.
Example. Let A = ℓ 1 (N). We define the product on A by f · g = f (1)g for all f and g in A . It is obvious that A is a Banach algebra with this product and norm · 1 . It is straightforward that A has no approximate identity, so by ([Jo1] , Proposition 1.6) A is not amenable. Let I be a closed two-sided ideal of A , it is easy to see that if I = A , then
Let A be a Banach algebra with a bounded right(left) approximate identity and let X be a Banach A -bimodule on which A acts trivially on the left(right). Then by ([Jo1] , Proposition 1.5) H 1 (A , X * ) = {0}, so if I is a closed two-sided ideal in A and A I = {0}(IA = {0}), then A is I-weakly amenable. If G is a commutative
Theorem 1.4. Let A be a Banach algebra and I be a closed two-sided ideal in A and A be I-weakly amenable, let ϕ ∈ Φ A , such that I ⊆ ker ϕ. Then there is no non-zero point derivation at ϕ.
Proof. Let d:
A −→ C ϕ be a non-zero point derivation, and let π: A * −→ I * be the adjoint of ı: I −→ A . Consider the map D: 
is a contradiction. 
Hence D(ab) = δ x * (ab). Since A is weakly amenable, so A 2 = A and therefore D = δ x * and D is inner. Let A be a Banach algebra and I be a closed two-sided ideal in A . We say that I has the trace extension property, if every m ∈ I * such that am = ma for each a ∈ A , can be extended to a * ∈ A * such that aa * = a * a for each a ∈ A .
Theorem 1.6. Let A be a Banach algebra, X be a Banach A -bimodule and Y be a closed submodule of X. If H
Let I be a closed two-sided ideal in Banach algebra A . Johnson in [Jo1] has shown that, if A is amenable, then I is amenable if and only if I has a bounded approximate identity, and A is amenable if I and A /I are amenable. Also if A /I and I are weakly amenable, then A is weakly amenable [Gr2] . Also if I has the trace extension property and A is weakly amenable, then A /I is weakly amenable [Gr2] . We prove a similar proposition for ideal amenability.
Theorem 1.12. Let A be an ideally amenable Banach algebra and I be a closed twosided ideal in A that has the trace extension property. Then, A /I is ideally amenable.
Proof. Let J/I be a closed two-sided ideal in A /I. Then J is a closed two-sided ideal in A . We write π: J −→ J/I, q: A −→ A /I for the natural quotient maps and π * for the adjoint of π. Let D: A /I −→ (J/I) * be a derivation. Then d = π * • D • q: A −→ J * is a derivation, so there exists x * ∈ J * such that d = δ x * . Let m be the restriction of x * to I. Then m ∈ I * and for all i ∈ I we have
Therefore, am = ma(a ∈ A ), and so a * ∈ A * such that aa * = a * a and a * is an extension of m. Let y * be the restriction of a * to J. Then y * ∈ J * and x * − y * = 0 on I. Therefore, x * − y * ∈ (J/I) * and we have
Hence D = δ x * −y * and therefore A /I is ideally amenable.
Let I be a closed two-sided ideal in Banach algebra A . We consider some easy remarks about the relations between I-weak amenability of A and weak amenability of I and A .
As in [Jo2] we know that the group algebra L 1 (G) is weakly amenable for every locally compact group G, but we do not know whether or not L 1 (G) is ideally amenable. By the following theorem we can show that M(G) is I-weakly amenable if and only if L 1 (G) is I-weakly amenable for every closed two-sided ideal I in L 1 (G).
Theorem 1.13. Let A be a Banach algebra and let J be a closed two-sided ideal in A with a bounded approximate identity. Then for every closed two-sided ideal I in J, J is I-weakly amenable if and only if A is I-weakly amenable.
Proof. Let ( j α ) α∈Λ be a bounded approximate identity for J and D: J −→ I * be a derivation. Consider the mapD: A −→ I * defined bỹ Let A # be the unitization of A . We know that A is amenable if and only if A # is amenable. If A is weakly amenable then A # is weakly amenable (see ([D-Gh-G] , Proposition 1.4, (ii))). For ideal amenability we have the following: PROPOSITION 1.14.
Let A be a Banach algebra. Then A is ideally amenable if and only if A # is ideally amenable.
Proof. Let A # be ideally amenable, I be a closed two-sided ideal of A and D: A −→ I * be a derivation. It is easy to see that I is a closed two-sided ideal of A # , andD:
Conversely, let A be ideally amenable and I be a closed two-sided ideal in A # . Since A is ideally amenable, therefore A is weakly amenable, so A # is weakly amenable. Therefore, we can suppose that 1 / ∈ I and I is an ideal of A . Let D: A # −→ I * be a derivation, then D(1) = 0 and we can consider D as a derivation from A into I * and therefore D is inner.
Let A be a non-unital Banach algebra. Then similar to the Proposition 1.14 we can show that A # is not A -weakly amenable. Let A be the augmentation ideal of L 1 (PLS 2 (R)). Michael White has shown that A is not weakly amenable and A # is an example of weakly amenable Banach algebra that is not ideally amenable.
C C C * -algebras
Recall first that, a C * -algebra is amenable if and only if it is nuclear [Ha] . However, every C * -algebra is weakly amenable [Ha] . We show that every C * -algebra is ideally amenable.
Lemma 2.1. Let A be a Banach algebra and I be a closed two-sided ideal in A . If I is weakly amenable, then A is I-weakly amenable.
Proof. Let D:
A −→ I * be a derivation and ı: I −→ A be the embedding map. Then D • ı: I −→ I * is a derivation, and so there exists m ∈ I * such that D • ı = δ m . Since I is weakly amenable, I 2 = I, and for i, j ∈ I we have
Therefore D = δ m , and so D is inner.
COROLLARY 2.2.
Every C * -algebra is ideally amenable.
Proof. Let A be a C * -algebra and I be a two-sided closed ideal in A , then I is a C * -algebra by ([B-D] , Theorem 38.18), so I is weakly amenable. By Lemma 2.1, A is Iweakly amenable.
Maximal ideals
Let M be a maximal ideal in A . We study conditions when A is M-weakly amenable. Proof. Let D: A −→ M * be a derivation. For each a in A , D(a) has an extensionD(a) ∈ A * such thatD(1) = 0. For a, b ∈ A there exists λ 1 , λ 2 ∈ C and m, n ∈ M such that 
Let F 2 be the free group on two generators. Let ℓ 0 (F 2 ) = {µ ∈ ℓ 1 (F 2 ): µ(F 2 ) = 0}. Then by Theorem 3.1, ℓ 1 (F 2 ) is ℓ 0 (F 2 )-weakly amenable, and by Theorem 3.2, ℓ 0 (F 2 ) is weakly amenable. Proof. By the above theorem, we know that M is weakly amenable. On the other hand, we have A = M ⊕ C. Therefore by ([Gr1] , Proposition 2.3), A is weakly amenable.
Now we have the following theorem:
Theorem 3.4. Let A be a commutative unital Banach algebra, the following assertions are equivalent: Proof. Let (e α ) α∈I be a bounded approximate identity for A . We may suppose that e α ∈ A \ M for every α ∈ I. Let a ∈ A and D(a) = 0. Then for every α ∈ I there exists a α ∈ A \ M and m α ∈ M such that Consequently (m α ) α∈I is a approximate identity for A but by ( [Pa] , Theorem 5.2.7) M is closed and so M = A and this is a contradiction.
Problems
We are interested in the problems listed below. Johnson [Jo1] has shown that A ⊗B is amenable whenever A and B are amenable Banach algebras. So we can raise the following question. We know that L 1 (G) is amenable if and only if G is an amenable group [Jo1] , and also L 1 (G) is weakly amenable for every locally compact group ([Jo1] or [D-Gh] ). For a Banach algebra A , the amenability of A * * necessitates the amenability of A ( [Da] , Proposition 2.8.59) and similarly for weak amenability provided A is a left ideal in A * * [Gh-L-W] . So we can raise the following question.
Question 4.5. If A * * is ideally amenable, then is A ideally amenable?
